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Abstract
We introduce a new elliptic operator on null hypersurfaces of four-dimensional Lorentzian
manifolds. This operator depends on the first and second fundamental forms of the sections
of a foliation of the null hypersurface and its novelty originates from its covariant transforma-
tion under change of foliation. It thus provides at any point an elliptic structure intimately
connected with the geometry of the null hypersurface, independent of the choice of a specific
section through that point. No analytic or algebraic symmetries or other conditions are
imposed on the metric. The spectral properties of this elliptic operator are relevant to the
evolution of the wave equation, and in particular, the existence of conservation laws along
null hypersurfaces.
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1 Introduction
Elliptic operators on null hypersurfaces have played a major role in a wide spectrum of problems
in Lorentzian geometry (see, for example, [7, 11, 12]). Refoliating a null hypersurface has also
been proved to be a very strong tool in several contexts (see, for example, [1, 13, 16]).
In this paper, we introduce a new elliptic operator on null hypersurfaces of a general four-
dimensional Lorentzian manifold which exhibits a specific covariance property under change of
foliation of the null hypersurfaces. As is shown in the companion paper [5], the spectral proper-
ties of this operator play an important role in the evolution of the wave equation on Lorentzian
manifolds, and in particular, in the existence of conservation laws along null hypersurfaces.
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Let H be a null hypersurface of a four-dimensional Lorentzian manifold (M, g). We assume
that H can be foliated by sections (Sv)v∈R diffeomorphic to S2, i.e. embedded two-dimensional
Riemannian submanifolds diffeomophic to S2 and intersecting transversally the null generators
of H. As we shall see in Section 2, any foliation S of H is completely determined by the choice
of a section S0 of H, a null geodesic vector field Lgeod on H and a function Ω ∈ C∞(H). We
then write
S =
〈
S0, Lgeod,Ω
〉
.
Given a foliation S = (Sv)v∈R = 〈S0, Lgeod,Ω〉 of a null hypersurface H, we define the following
second order linear operator AS : C∞(H)→ R
ASψ =4/ψ +
[
Z − 2∇/ log φ
]
· ∇/ψ +
[
φ · 4/ 1
φ
−∇/ log φ · Z + Ω−2 · w
]
· ψ. (1)
Z =2ζ] +∇/ log Ω2,
w = 2div/
(
Ω2ζ
)
+Ω2 · Lgeod (Ωtrχ) + 1
2
(Ωtrχ)(Ωtrχ),
(2)
where 4/ and ∇/ denote the induced Laplacian and gradient on the sections Sv, respectively, and
where ζ is the torsion, trχ, trχ are the null mean curvatures and φ is the conformal factor of
Sv. See Section 2 for the relevant definitions.
Clearly, the operator AS is tangential to the sections Sv of S and the restriction
ASv := AS
∣∣
Sv
: C∞(Sv)→ R
is an elliptic operator on the Riemannian manifold Sv which depends only on the geometry of
the foliation S, i.e the first and the second fundamental forms of the sections of S with respect
to the ambient manifold M.
We define the following space
VH =
{
f ∈ C∞(H) : f is constant along the null generators of H
}
. (3)
Let now S ′ = (S′v′)v′∈R = 〈S′0, L′geod,Ω′〉 be anotherfoliation of H. Since, Lgeod, L′geod satisfy the
geodesic equation, there exists a function f ∈ VH such that
L′geod = f
2 · Lgeod.
One can consider the associated geometric elliptic operator AS′ defined in an identical way to
AS by simply replacing the geometric quantities associated to the foliation S with those of the
foliation S ′.
Given a point p ∈ H there exist two sections Sv ∈ S and S′v′ ∈ S ′ such that p ∈ Sv ∩ S′v′ .
Since the operators AS∣∣
p
and AS′
∣∣∣
p
are tangential to Sv and S
′
v′ , respectively, the only way
to compare AS∣∣
p
and AS′
∣∣∣
p
is by identifying the sections Sv and S
′
v′ via the flow of the null
generators, or equivalently, by restricting to functions Ψ ∈ VH.
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The main result of the present paper is the following covariance transformation of the oper-
ator AS under change of foliation: For all functions Ψ ∈ VH we have
ASΨ = 1
f2
· AS′ (f2 ·Ψ) (4)
on H. Therefore, if we restrict to foliations for which the geodesic vector field Lgeod is fixed
(and hence f = 1), and hence allow only the “initial” section S0 and the null lapse function Ω
to change then we obtain that at each p ∈ Sv ∩ S′v′ the restrictions ASv and AS
′
v′ are exactly the
same modulo identifying the sections Sv and S
′
v′ via Φ
v′
v , i.e.(
Φv
′
v
)∗AS′v′ = ASv at p,
where the pullback operator
(
Φv
′
v
)∗AS′v′ is the operator on Sv defined such that ((Φv′v )∗AS′v′ )(ψ) =
AS′v′
((
Φv
′
v
)
∗ψ
)
, for all ψ ∈ C∞(Sv). Here the diffeomorphism Φv′v : Sv → S′v′ is defined such
that if q ∈ Sv, then Φv′v (q) is the intersection of S′v′ and the null generator passing through q.
For simplicity, we restrict to null hypersurfaces with spherical sections. Note that our method
makes the use of the topology explicit and hence other topologies can be readily treated. Fur-
thermore, our result can be generalized to all higher dimensions. No conditions, apart from
smoothness, are imposed on the background metric. The precise result is given by Theorem 3.1
of Section 3.
A brief outline of the paper is as follows: In Section 2 we introduce the basic geometric
set-up and in Section 3 we introduce the elliptic operator AS and prove the main result of the
paper. In Section 4 we present some applications in the context of black hole backgrounds.
Finally, in Section 5 we present a general discussion of foliation-covariant elliptic operators on
null hypersurfaces which might be relevant to other contexts.
2 The geometry of null hypersurfaces
Let H be a null hypersurface in a four-dimensional Lorentzian manifold (M, g). Then H is
generated (ruled) by null geodesics, the so-called null generators, whose tangent L is normal
to H. A section S of H is a two-dimensional submanifold of H which intersects each null
generator of H transversally and is thus manifestly a Riemannian manifold equipped with the
induced Riemannian metric which we will denote by g/ . We assume that all sections of H are
diffeomorphic to the 2-sphere S2. In fact, we will later construct an explicit diffeomorphism
from S to S2 which will be very important for our applications.
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Null Foliations
A foliation S of H is a collection of sections Sv, smoothly varying in v, such that ∪vSv = H.
We will show that any foliation is uniquely determined by the choice of one section, say S0, the
choice of a null tangential to H vector field Lgeod|S0 restricted on S0 and a function Ω on H.
Indeed, we extend Lgeod|S0 to a null vector field tangential to the null generators of H such that
∇LgeodLgeod = 0.
We then define the vector field
L = Ω2 · Lgeod (5)
on H and consider the affine parameter v of L such that
Lv = 1, with v = 0 on S0.
The level sets Sv of v on H are precisely the leaves of the foliaton S. We use the notation
S =
〈
S0, Lgeod|S0 ,Ω
〉
. (6)
We also define Lgeod on H to be null normal to Sv, conjugate to H and normalized such that
g
(
Lgeod, Lgeod
)
= −Ω−2.
The Diffeomorphisms Φv
We can construct a diffeomorphism Φv from any sphere Sv to S0 as follows: If p ∈ Sv, then
Φv(p) ∈ S0 is defined to be the intersection of S0 and the null generator of H passing through
p. We can also consider a diffeomorphism Φ from S0 to S2 and compose Φv with Φ to obtain a
diffeomorphism from Sv to S2.
Let (θ1, θ2) be coordinates on S0. The diffeomorphisms Φv allow us to construct a coordinate
system (v, θ1, θ2) as follows: The point p ∈ H is assigned the coordinates (v, θ1, θ2) if p ∈ Sv
and the coordinates of Φv(p) are precisely (θ
1, θ2).
Moreover, the diffeomorpshisms Φv allow us to equip all surfaces Sv with the standard round
metric which we denote by g/ S2 .
Null Frames
If {e1, e2} =
(
eA
)
A=1,2
is an arbitrary frame on the spheres Sv, then we have the following null
frames:
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• Geodesic frame: (e1, e2, Lgeod, Lgeod),
• Equivariant frame: (e1, e2, L, L),
• Normalized frame: (e1, e2, e3, e4).
where
e3 = ΩLgeod =
1
Ω
L, e4 = ΩLgeod =
1
Ω
L.
Note that e3, e4 satisfy the normalization properties
g(e3, e4) = −1 (7)
and
g
(
Lgeod, L
)
= −1. (8)
Note also that L = ∂v, where ∂v denotes the vector field with respect to the coordinate system
(v, θ1, θ2).
The conformal geometry and conformal factor
The conformal class of g/ contains a unique representative (metric) gˆ/ such that
√
gˆ/ =
√
g/ S2 ,
where g/ S2 is as defined above. Equivalently, g/ and gˆ/ are such that the induced volume forms
on Sv are equal. Since g/ and gˆ/ are conformal there is a conformal factor such that g/ = φ
2 · gˆ/ .
Then,
√
g/ = φ2
√
gˆ/ = φ2
√
g/ S2 and hence φ
2 =
√
g/√
g/ S2
. Therefore,
φ =
4
√
g/
4
√
g/ S2
. (9)
Note that φ is a smooth function on the sphere Sv and does not depend on the choice of the
coordinate system. Note also that for a spherically symmetric metric we have φ = r, where r is
the radius.
Connection Coefficients
We consider the normalized frame (e1, e2, e3, e4) defined above. We define the connection
coefficients with respect to this frame to be the smooth functions Γλµν such that
∇eµeν = Γλµνeλ, λ, µ, ν ∈ {1, 2, 3, 4}
Here ∇ denotes the connection of the spacetime metric g. We are mainly interested in the
case where at least one of the indices λ, µ, ν is either 3 or 4 (otherwise, we obtain the Christoffel
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symbols with respect to the induced metric g/ ). Following [6, 7], these coefficients are completely
determined by the following components:
The components χ, χ, η, η, ω, ω, ζ:
χAB = g(∇Ae4, eB), χAB = g(∇Ae3, eB),
ηA = g(∇3e4, eA), ηA = g(∇4e3, eA),
ω = −g(∇4e4, e3), ω = −g(∇3e3, e4),
ζA = g(∇Ae4, e3)
(10)
where
(
eA
)
A=1,2
is an arbitrary frame on the spheres Sv and ∇µ = ∇eµ . Note that ζ = −ζ. The
covariant tensor fields χ, χ, η, η and ζ are only defined on TxSv. We can naturally extend
these to tensor fields to be defined on TxM by simply letting their value to be zero
if they act on e3 or e4. Such tensor fields will in general be called S-tensor fields.
Note that a vector field is an S-vector field if it is tangent to the spheres Sv.
The connection coefficients Γ can be recovered by the following relations:
∇AeB = ∇/AeB+χABe3 + χABe4,
∇3eA = ∇/ 3eA + ηAe3, ∇4eA = ∇/ 4eA + ηAe4,
∇Ae3 = χ ]BA eB + ζAe3, ∇Ae4 = χ
]B
A eB − ζAe4,
∇3e4 = η]AeA − ωe4, ∇4e3 = η]AeA − ωe3,
∇3e3 = ωe3, ∇4e4 = ωe4,
(11)
Curvature Components
We next decompose the Riemann curvature R in terms of the normalized null frame. First,
we define the following components, which contain at most two S-tangential components (and
hence at least 2 null components):
αAB = RA4B4, αAB = RA3B3,
βA = RA434, βA = RA334,
ρ = R3434, σ =
1
2
/ABRAB34.
(12)
Note that R(·, ·, e3, e4), when restricted on TxSv, is an antisymmetric form and hence collinear
to the volume form / on Sv. Furthermore, if
(∗R)3434 = ∗ρ,
then ∗ρ = 2σ. Here, the dual ∗R of the Riemann curvature is defined to be the (0,4) tensor:
(∗R)αβγδ = µναβ Rµν γδ.
Clearly, the (0,2) S-tensor fields α, α are symmetric. Note that if the Einstein equations Ric(g) =
0 are satisfied, then all the remaining curvature components can be expressed in terms of the
above components.
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Remarks:
1. Recall that the second fundamental form of a manifold S embedded in a manifold M is
defined to be the symmetric (0, 2) tensor field II such that for each x ∈ S we have
IIx : TxS × TxS → (TxS)⊥,
where the ⊥ is defined via the decomposition TxM = TxS⊕ (TxS)⊥. Specifically, if X,Y ∈ TxS
then
IIx(X,Y ) =
(∇XY )⊥
and hence
∇XY = ∇/XY + II(X,Y ).
Here ∇/ denotes the induced connection on S (which is taken by projecting the spacetime con-
nection ∇ on TxS).
The S-tensor fields χ, χ give us the projections of IIAB on e3 and e4, respectively. Indeed
II(X,Y ) = χ(X,Y )e3 + χ(X,Y )e4.
For this reason we will refer to χ, χ as the null second fundamental forms of Sv. One can
easily verify that χ and χ are symmetric (0,2) S-tensor fields. Indeed, a simple calculation shows
that if X,Y are S-tangent vector fields then
χ(X,Y )− χ(Y,X) = g(e4, [X,Y ]),
χ(X,Y )− χ(Y,X) = g(e3, [X,Y ]).
Hence, χ, χ are symmetric if and only if [X,Y ] ⊥ e3 and [X,Y ] ⊥ e4 and thus if and only if
〈e3, e4〉⊥ 3 [X,Y ] ∈ TSv. The symmetry of χ, χ is thus equivalent to the integrability of the
orthogonal complement 〈e3, e4〉⊥.
Furthermore, we can decompose χ and χ into their trace and traceless parts by
χ = χˆ+
1
2
(trχ)g/ , χ = χˆ+
1
2
(trχ)g/ . (13)
The trace of the S-tensor fields χ, χ (and more general S-tensor fields) is taken with respect to
the induced metric g/ . The trace trχ is known as the expansion and the component χˆ is called
the shear of Sv with respect to H.
2. Note also that ω = ∇4(log Ω) = and ω = ∇3(log Ω).
3. Let X be a vector tangential to a given sphere Sv at a point x. Then, if we extend X
along the null generator γ of Cu passing through x according to the Jacobi equation [L,X] =
[Ωe4, X] = 0, then we obtain an S-tangent vector field along γ. Note that in this case we obtain
∇4X = ∇Xe4 +
(∇X log Ω)e4.
On the other hand, if we simply extend X such that [e4, X] = 0 then, although X will be
tangential to Cu, X will not be tangential to the sections Sv of Cu. This is because the sections
Sv are the level sets of the optical functions u, v which in turn are the affine parameters of the
vector fields L,L, respectively.
4. The S 1-form ζ is known as the torsion. If d/ denotes the exterior derivative on Sv then
the S 1-forms η, η are related to ζ via
η = ζ + d/ (log Ω), η = −ζ + d/ log Ω.
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Proof. Let X be S-tangential and extend along the null generator of Cu according to the Jacobi
equation, then
η(x) = g(∇4e3, X) = −g(e3,∇4X) = −g(e3,∇Xe4) +∇X(log Ω) = −ζ(X) +∇X log Ω. (14)
We similarly show the analogous relation for η.
The above also imply that
ζ =
1
2
(η − η), d/ log Ω = 1
2
(η + η).
The 1-forms η, η can be regarded as the torsion of the null hypersurfaces with respect to the
geodesic vector fields. Indeed, the previous relations imply
ηA = Ω
2g(∇ALgeod, Lgeod).
5. We have
[L,L] = ∇LL−∇LL = Ω ·
(
∇4(Ωe3)−∇3(Ωe4)
)
= Ω2 ·
(
∇4e3 −∇3e4 + (∇4 log Ω)e3 − (∇3 log Ω)e4
)
= Ω2 ·
(
(η]A − η]A)eA − ωe3 + ωe4 + (∇4 log Ω)e3 − (∇3 log Ω)e4
)
= Ω2 ·
(
η] − η]
)
= −2Ω2ζ].
(15)
Hence the torsion ζ is the obstruction to the integrability of the timelike planes 〈e3, e4〉 orthogonal
to the spheres Sv.
6. Let L/L denote the projection of the Lie derivative LL onto the spheres Sv. The first
variation formula then reads
L/Lg/ = 2Ωχ, L/L(g/−1) = −2Ωχ]]. (16)
Note that we use the induced metric g/ to raise and lower indices. Hence, since [L, ∂θi ] = 0 on
H,
L
(
g/ ij
)
= 2Ωχij
and hence
L
√
g/ = Ωtrχ
√
g/ (17)
on H. Therefore, if φ denotes the conformal factor of the sections then
Lφ =
1
2
Ω · trχ · φ, (18)
since by construction we have that L
√
g/ S2 = 0. Furthermore, the first variational formula
immediately implies
χˆ =
1
2
φ2 · L/Lgˆ/ , (19)
where gˆ/ is the representative of the conformal geometry of g/ as defined above. Hence, χˆ controls
the rate of change of the conformal geometry of the sections of H.
7. We denote by L/L,∇/ L the projection of LL,∇L on the sections Sv and by 4/ ,∇/ the
induced Laplacian and gradient of (Sv, g/ ), respectively.
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3 Foliation-covariance of the operator A
Given a foliation S = (Sv)v∈R = 〈S0, Lgeod,Ω〉 of H, we define the operator
ASψ =4/Ψ +
[
Z − 2∇/ log φ
]
· ∇/ψ +
[
φ · 4/ 1
φ
−∇/ log φ · Z + Ω−2 · w
]
· ψ, (20)
Z =2ζ] +∇/ log Ω2,
w = 2div/ (Ω2ζ)+Ω2 · Lgeod (Ωtrχ) + 1
2
(Ωtrχ)(Ωtrχ),
(21)
on H, where ζ is the torsion, trχ, trχ are the null mean curvatures and φ is the conformal factor
of Sv (see (10) for the relevant definitions). Clearly, the restriction ASv of AS on Sv is an elliptic
operator on Sv and its definition depends only on the geometry of the foliation S. Note also
that the first two terms of w are at the level of the curvature since they involve derivatives of
the connection coefficients. The main result of this paper is that the operator AS is in fact
covariant under change of foliation. Specifically, we show the following
Theorem 3.1. Let H be a regular null hypersurface of a four-dimensional Lorentzian manifold
(M, g) and let VH be the space given by (3). Let
(
Lgeod
)
1
,
(
Lgeod
)
2
be two geodesic vector fields
on H such that (
Lgeod
)
2
= f2 · (Lgeod)1 (22)
for some function f ∈ VH. Consider two foliations S1,S2 such that
S1 = (S2v)v∈R =
〈
S10 ,
(
Lgeod
)
1
,Ω1
〉
(23)
and
S2 = (S1v)v∈R =
〈
S20 ,
(
Lgeod
)
2
,Ω2
〉
, (24)
as defined in Section 2, and let AS1 ,AS2 be the associated elliptic operators given by (20). Then,
for all functions Ψ ∈ VH we have
AS1Ψ = 1
f2
· AS2 (f2 ·Ψ) , (25)
on H.
Proof. We first consider the case where f = 1, i.e.
(
Lgeod
)
2
=
(
Lgeod
)
1
= Lgeod. In this case, in
order to simplify the notation, we use the primed and unprimed notation for the two foliations.
Specifically, we consider two foliations S,S ′ such that
S = (Sv)v∈R =
〈
S0, Lgeod|S0 ,ΩS = 1
〉
(26)
and
S ′ = (S′v′)v′∈R =
〈
S′0, Lgeod|S′0 ,ΩS′ = Ω
〉
(27)
and let AS ,AS′ be the associated elliptic operators given by (20), (28), respectively. All the
quantities with respect to S ′, except from Ω, will be primed and all quantites with respect to S
will be unprimed.
Next, given a foliation S = 〈S0, Lgeod,Ω〉, we introduce the auxiliary operator
OSψ = Ω2 · 4/ψ + Ω2 · Z · ∇/Ψ + w · ψ, (28)
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where Z,w are given by (21) and ψ is a smooth function on H. It is a straightforward calculation
to confirm that
ASψ = Ω−2 · φ · OS
(
1
φ
· ψ
)
, (29)
on H, for all ψ ∈ C∞(H). Since f = 1, we need to show that for all Ψ ∈ VH we have
AS′Ψ = ASΨ (30)
on H. Equivalently, in view of (29) and since φ′ = φ pointwise, it suffices to show that for
Ψ ∈ VH we have
OS′
(
1
φ′
·Ψ
)
= Ω2 · OS
(
1
φ
·Ψ
)
, (31)
on H. Note that the operators OS ,OS′ are given explicitly by:
OSψ = 4/ψ + 2ζ] · ∇/ψ +
[
2div/ ζ] + ∂v(trχ) +
1
2
(trχ)(trχ)
]
· ψ,
and
OS′ψ = Ω2·4/ ′ψ+
[
∇/ ′Ω2 + 2Ω2 · (ζ ′)]
]
·∇/ ′ψ+
[
2div/ ′
(
Ω2 · (ζ ′)]
)
+ ∂v′(Ωtr
′χ′) +
1
2
(Ωtr′χ′)(Ωtr′χ′)
]
·ψ,
for φ ∈ C∞(H). By assumption we have L′geod = Lgeod and so
e4 = L = ∂v = Lgeod
and
e′4 = Ωe4, L
′ = ∂v′ = Ω2L,
on H. Hence, we immediately find that
χ′ = Ω · χ (32)
on H.
Let now p ∈ Sv ∩ S′v′ and X ∈ TpSv. Clearly dim
(
〈X,L〉 ∩ TpS′v′
)
= 1 and hence there is a
point where the line X + 〈L〉 ⊂ TpH intersects TpS′v′ , that is for all X ∈ TpSv there is a unique
γ(X) such that
X ′ = X + γ(X) · L ∈ TpS′v′ . (33)
Clearly, the correspondence
Π : (TpSv, g/ ) 3 X 7→ X ′ ∈ (TpS′v′ , g/ ′)
is a linear isomorphism (in fact, an isometry) and so γ is an S 1-form. Note that Π(X) is simply
the projection of X onto TpS
′
v′ and γ(X) is the projection of X
′ onto 〈L〉 relative to Sv.
If
(
∂θi
) ∈ TSv, (∂θi)′ ∈ TS′v′ , i = 1, 2, denote the coordinate vector fields with respect to
(v, θ1, θ2) and (v′, θ1, θ2), respectively, then one easily obtains that(
∂θi
)′
= Π
(
∂θi
)
. (34)
We next compute γ. Recall that
v = 0 at S0, v
′ = 0 at S′0.
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Furthermore,
∂v′v
′ = Ω2∂vv′ ⇒ ∂vv′ = Ω−2 on H
and if
v′(v = 0, θ) = i(θ)
then
v′(v, θ) = f(v, θ) + i(θ) on H,
where
f(v, θ) =
∫ v
0
Ω−2(v, θ) dv.
Using v′ as a test function in (33) we immediately obtain
γ(X) = −Ω2 ·Xv′ = −Ω2 ·X · ∇/ (f + i) on H
and so
γ = −Ω2 · d/ (f + i) on H. (35)
We next compute the projection of L′ on TpSv (recall that L′ is normal to S′v′). Suppose that
L′ = cL · L+ cL · L+ P on H,
where P ∈ TpSv is the projection of L′ on TpSv.
Since g(L′, L) = −1 we obtain
cL = 1 on H.
Using that g(L′, X ′) = 0 for all X ′ ∈ TpS′v′ and the relation X = X ′ − γ(X) · L we obtain
g(P,X) = γ(X) on H,
which implies that
P[ = γ
or, equivalently,
P = γ] = −Ω2 · ∇/
(∫ v
0
Ω−2
)
on H.
Also, since g(L′, L′) = 0 we obtain
cL =
1
2
g(P, P ) =
1
2
(γ, γ) on H.
Therefore,
L′ =
1
2
(γ, γ) · L+ L+ γ]. (36)
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The torsion ζ ′ satisfies
ζ ′(X ′) =g(∇X′(e4)′, (e3)′) = g
(
∇X′Ω−1 · L′,Ω−1 · L′
)
=− Ω · ∇X′ 1
Ω
+
1
Ω2
g
(
∇X′L′, L′
)
=− Ω · ∇X′ 1
Ω
+
1
Ω2
· g
(
∇X′(Ω2L), 1
2
(
γ, γ
) · L+ L+ γ])
=− Ω · ∇X′ 1
Ω
− 1
Ω2
∇X′Ω2 + g
(
∇X′L, 1
2
(
γ, γ
) · L+ L+ γ])
=− Ω · ∇X′ 1
Ω
− 1
Ω2
∇X′Ω2 + g
(
∇X′L,L
)
+ g
(
∇X′L, γ]
)
=− (d/ ′ log Ω)(X ′) + ζ(X ′) + (χ · P )(X ′),
on H. Note also that ζ(X ′) = ζ(X), (χ · γ])(X ′) = (χ · γ])(X) and ∇/ ′X′ log Ω = ∇/ γ(X)·L log Ω +
∇/X log Ω. Therefore,
ζ ′(X ′) = −γ(X) · L log Ω−∇/X log Ω + ζ(X) + (χ · γ])(X). (37)
We next compute the incoming null second fundamental form
χ′(X ′, Y ′) =g(∇X′(e3)′, Y ′) = g(∇X′Ω−1L′, Y ′) = Ω−1 · g(∇X′L′, Y ′)
=Ω−1 · g
(
∇X′
(
1
2
(
γ, γ
) · L+ L+ P) , Y ′)
=Ω−1 ·
[
1
2
(
γ, γ
) · g(∇X′L, Y ′) + g(∇X′L, Y ′) + g(∇X′P, Y ′)] .
Note that g(∇X′L, Y ′) = g(∇XL, Y ) = χ(X,Y ) and also the following
g(∇X′L, Y ′) =g
(
∇γ(X)L+XL, γ(Y )L+ Y
)
=γ(X) · g(∇LL, Y ) + γ(Y ) · g(∇XL,L) + g(∇XL, Y )
=− γ(X) · ζ(Y )− γ(Y ) · ζ(X) + χ(X,Y )
and
g(∇X′P, Y ′) =g
(
∇γ(X)L+XP, γ(Y )L+ Y
)
=γ(X) · g(∇LP, Y )− γ(Y ) · χ(P,X) + g(∇XP, Y )
=γ(X) · (∇Lγ)(Y )− γ(Y ) · χ(γ], X) + (∇Xγ)(Y ),
and hence
Ωχ′(X ′, Y ′) = α·χ(X,Y )−γ(X)·ζ(Y )−γ(Y )·ζ(X)+χ(X,Y )+γ(X)·(∇/ Lγ)(Y )−γ(Y )·(χ·γ])(X)+(∇/Xγ)(Y ).
and so
Ωχ′ =
1
2
(γ, γ) · χ− γ ⊗ ζ − ζ ⊗ γ + χ+ γ ⊗∇/ Lγ − γ ⊗ χ · γ] +∇/ γ.
Therefore, since the metrics g/ , g/ ′ are pointwise the same, i.e at any point we have g(X,Y ) =
g(X ′, Y ′), we obtain
Ωtr′χ′ =
1
2
(
γ, γ
) · trχ− 2(γ, ζ) + trχ+ (∇/ Lγ, γ)− (χ · P, γ)+ div/ γ
=
1
2
(
γ, γ
) · trχ+ trχ+ div/ γ + (∇/ Lγ − χ · γ] − 2ζ, γ)
=trχ+ div/ γ − χˆ(γ], γ]) +
(
∇/ Lγ − 2ζ, γ
) (38)
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We next express the S ′-induced operators ∇/ ′, div/ ′ in terms of the S foliation. Let p ∈ S′v′ ∩ Sv
and, as before, let ψ be a smooth function on H. We have Y ′ψ = Y ψ+γ(Y )·Lψ for all Y ∈ TSv.
Assume that
∇/ ′ψ = X + γ(X) · L,
for some X ∈ TSv. Then for all Y ∈ TSv we have
g(X,Y ) = g(Y,∇/ ′ψ) = g(Y ′,∇/ ′ψ) = Y ′ψ = Y ψ + γ(Y ) · Lψ = g(∇/ψ + γ] · Lψ, Y )
and since this is true for all Y ∈ TSv and since by definition X ∈ TSv we have X = ∇/ψ+γ] ·Lψ
and so
∇/ ′ψ =
[
∇/ψ + γ] · Lψ
]
+
[
γ] · ∇/ψ + Lψ · (γ, γ)
]
· L. (39)
We next compute div/ ′ξ′ for a S′ vector field ξ′. Let Ei, i = 1, 2 be a local orthonormal S frame.
We have
div/ ′ξ′ =
∑
i
g(∇/ ′E′iξ
′, E′i) =
∑
i
g(∇E′iξ′, E′i) =
∑
i
g
(∇(Ei+γiL)ξ + γ(ξ)L,Ei + γiL)
=
∑
i
g (∇Eiξ, Ei) + g (∇Eiξ, γiL) + γig (∇Lξ, Ei) + g (∇Eiγ(ξ)L,Ei)
=
∑
i
g (∇Eiξ, Ei) + γig (∇Eiξ, L) + γig (∇Lξ, Ei) + γ(ξ)g (∇EiL,Ei)
=
∑
i
g (∇Eiξ, Ei)− γig (ξ,∇EiL) + γig (∇Lξ, Ei) + γ(ξ)g (∇EiL,Ei)
=div/ ξ +
∑
i
−γiχ(Ei, ξ) + γig (∇Lξ, Ei) + γ(ξ)χ(Ei, Ei)
=div/ ξ − χ(ξ, γ]) + γ(ξ) · trχ+ g(∇/ Lξ, γ])
=div/ ξ − χˆ(ξ, γ]) + 1
2
γ(ξ) · trχ+ g(∇/ Lξ, γ])
=div/ ξ + γ(ξ) · trχ+ γ
(
L/Lξ
)
,
(40)
where we used that g([ξ, Ei], L) = 0. We also have
L/L(∇/ψ) =L/L
(
g/ µν · ∂µψ · ∂ν
)
=
(
L/Lg/ µν
)
· ∂µψ · ∂ν + g/ µν ·
(
L/L∂µψ
)
· ∂ν + g/ µν · L/L∂µψ · [L, ∂ν ]
=− 2χµν · ∂µψ · ∂ν + g/ µν · ∂µ(Lψ) · ∂ν
=− 2χ] · d/ψ +∇/ (Lψ).
(41)
Note that we used that L/Lg/ µν = −2χµν and that the foliation S is geodesic (and hence Ω = 1
in this case). Regarding the S ′-Laplacian 4/ ′ψ we have
4/ ′ψ =div/ ′∇/ ′ψ = div/ (∇/ψ + γ] · Lψ) + γ(∇/ψ + γ] · Lψ) · trχ+ γ
(
L/L(∇/ψ + γ] · Lψ)
)
=4/ψ + 2(γ, d/ (Lψ))+ Lψ · div/ γ + trχ · (γ, d/ψ) + trχ · Lψ · (γ, γ)− 2χ(γ],∇/ψ)
+ LLψ · (γ, γ) + Lψ · g/ (L/Lγ], γ]).
(42)
Note that, since trχ · (γ, d/ψ)− 2χ(γ],∇/ψ) = 2χˆ(γ],∇/ψ), if we let Lψ = 0 then we obtain that
we have 4/ ′ψ = 4/ψ if and only if χˆ = 0 which, by virtue of (19), is equivalent to the fact that
the induced metrics g/ , g/ ′ are conformal.
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We next compute A′ψ =
[∇/ ′Ω2 + 2Ω2 · (ζ ′)]] · ∇/ ′ψ. Assuming that (ζ ′)] = X + γ(X) ·L and
Y ∈ TSv we have
g(X,Y ) = g((ζ ′)], Y ′) = ζ ′(Y ′) = g
(
− (L log Ω) · γ] −∇/ log Ω + ζ] + χ] · γ], Y
)
and so
X = −(L log Ω) · γ] −∇/ log Ω + ζ] + χ] · γ]. (43)
Therefore, recalling the expressions for ∇/ ′Ω2, ∇/ ′ψ we obtain
A′ψ =
[
∇/Ω2 + (LΩ2) · γ] + 2Ω2 ·
[
−(L log Ω) · γ] −∇/ log Ω + ζ] + χ] · γ]
] ]
· [∇/ψ + (Lψ) · γ]]
=2Ω2 ·
[
ζ] + χ] · γ]
]
· [∇/ψ + (Lψ) · γ]]
=2Ω2 ·
[
ζ] · ∇/ψ + (Lψ) · (γ, ζ) + χ(γ],∇/ψ) + (Lψ) · χ(γ], γ])
]
.
We thus have
4/ ′ψ +
[
∇/ ′Ω2 + 2Ω2 · (ζ ′)]
]
· ∇/ ′ψ = 4/ψ + 2ζ] · ∇/ψ + Eψ, (44)
where
Eψ =2(γ, d/ (Lψ))+ Lψ · div/ γ + trχ · (γ, d/ψ) + trχ · Lψ · (γ, γ)
+ LLψ · (γ, γ) + Lψ · g/ (L/Lγ], γ])+ 2(Lψ) · (γ, ζ) + 2(Lψ) · χ(γ], γ]). (45)
We next look at the coefficient of the zeroth order term in the expression for O′v′ψ:
w′ = 2div/ ′
(
Ω2 · ζ ′
)
+ ∂v′
(
Ωtr′χ′
)
+
1
2
(Ωtr′χ′)(Ωtr′χ′). (46)
In view of (32) we have
Ωtr′χ′ = Ω2trχ. (47)
and (38) can also be written as
Ωtr′χ′ =trχ+ div/ γ + g/ (∇/ Lγ], γ])− 2(ζ, γ)− χˆ(γ], γ])
=trχ+ div/ γ + γ
(L/Lγ])+ 12 trχ · (γ, γ)− 2(ζ, γ). (48)
We next compute div/ ′
(
2Ω2ζ ′
)
. In view of (43) we obtain that if
2Ω2ζ ′ = XΩ + γ(XΩ) · L,
then
XΩ = −(LΩ2) · γ] −∇/Ω + 2Ω2 · ζ] + 2Ω2χ] · γ].
Therefore,
div/ ′
(
2Ω2ζ ′
)
=div/ X + γ(X) · trχ+ γ([L,X])
=− d/LΩ2 · γ] − LΩ2 · div/ γ −4/Ω2 + 2(d/Ω2, ζ) + 2Ω2 · div/ ζ + 2div/
(
Ω2 · χ] · γ]
)
+
[
−(LΩ2) · (γ, γ)− (γ],∇/Ω2) + 2Ω2 · (ζ, γ) + 2Ω2 · χ(γ], γ])
]
· trχ
+ γ
(
L/LX
)
.
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Note the following
div/
(
χ(γ], ·)) = (div/ χ)(γ]) + (χ,∇/ γ]),
L/LX = −(LLΩ2)·γ]−(LΩ2)·L/Lγ]−L/L∇/Ω2+2(LΩ2)·ζ]+2Ω2·L/Lζ]+2(LΩ2)·χ]·γ]+2Ω2·L/L
(
χ
(
γ], ·)])
L/L
(∇/Ω2) = ∇/LΩ2 − 2χ] · d/Ω2,
γ
(
L/L
(∇/Ω2)) = (γ, d/LΩ2)− 2χ(γ],∇/Ω2),
L/L
(
χ
(
γ], ·)]) = −2χ] · (χ · γ]) + ((L/Lχ) · γ])] + χ] · L/Lγ],
γ
(
L/L
(
χ
(
γ], ·)])) = −2(χ× χ)(γ], γ]) + (L/Lχ)(γ], γ]) + χ(L/Lγ], γ]).
Therefore, we obtain
div/ ′
(
2Ω2ζ ′
)
=− d/LΩ2 · γ] − LΩ2 · div/ γ −4/Ω2 + 2(d/Ω2, ζ) + 2Ω2 · div/ ζ + 2χ(γ],∇/Ω2)
+ 2Ω2 · (div/ χ)(γ]) + 2Ω2 · (χ,∇/ γ])
+
[
−(LΩ2) · (γ, γ)− (γ],∇/Ω2) + 2Ω2 · (ζ, γ) + 2Ω2 · χ(γ], γ])
]
· trχ
− (LLΩ2) · (γ, γ)− (LΩ2) · g/ (L/Lγ], γ])− (γ, d/LΩ2) + 2χ(γ],∇/Ω2) + 2(LΩ2) · (ζ, γ)
+ 2Ω2 · (L/Lζ], γ]) + 2(LΩ2) · χ(γ], γ])− 4Ω2 · (χ× χ)(γ], γ]) + 2Ω2 ·
(L/Lχ)(γ], γ])
+ 2Ω2 · χ(L/Lγ], γ]).
(49)
We next compute ∂v′(Ωtr
′χ′). Instead of using equation (38) we will use the following
geometric equation
∇/ L′(Ωχ′) = Ω∇/ 4′(Ωχ′) = Ω2∇/ ′η′ + Ω2η′ ⊗ η′ − Ωχ′ × Ωχ′ −R′(·, L′, ·, L′) (50)
which follows from the relations
g(∇X′e′3,∇4Y ′) =
[
(χ′ × χ′) + 1
2
(η′ ⊗ η′)− 1
2
(η′ ⊗ η′)
]
(X ′, Y ′),
g(∇X′∇4e′3, Y ′) = (∇X′η′)(Y ′)− ω′χ′(X ′, Y ′),
g
(∇[∇4,X′]e′3, Y ′) = 12(η′ ⊗ η′)(X ′, Y ′) + 12(η′ ⊗ η′)(X ′, Y ′),
g(∇4∇X′e′3, Y ′) = g(∇X′∇4e′3 +∇[∇4,X′]e′3, Y ′) +R′(Y ′, e′3, e′4, X ′),
and(∇/ 4χ′) (X ′, Y ′) = (∇4χ′) (X ′, Y ′) = ∇4 (χ′(X ′, Y ′))− χ′(∇4X ′, Y ′)− χ(X ′,∇4Y ′)
= ∇4
(
g(∇X′e′3, Y ′)
)− χ′(χ′] ·X ′, Y ′)− χ′(X ′, χ′] · Y ′)
= g(∇4∇X′e′3, Y ′) + g(∇X′e′3,∇4Y ′)− (χ′ × χ′)(Y ′, X ′)− (χ′ × χ′)(X ′, Y ′)
= (∇X′η′)(Y ′) + (η′ ⊗ η′)(X ′, Y ′)− (χ′ × χ′)(X ′, Y ′)−R′(X ′, e′4, Y ′, e′3)− ω′χ′(X ′, Y ).
Recall now that (see Section 2)
η′ = −ζ ′ + d/ ′ log Ω.
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Therefore,
Ω2η′ ⊗ η′ = Ω2ζ ′ ⊗ ζ ′ − 1
2
ζ ′ ⊗ d/ ′Ω2 − 1
2
d/ ′Ω2 ⊗ ζ ′ + d/ ′Ω⊗ d/ ′Ω (51)
and
Ω2∇/ ′η′ = −Ω2∇/ ′ζ ′ + Ω2∇/ ′2 log Ω = −∇/ ′(Ω2 · ζ ′)+ d/ ′Ω2 ⊗ ζ ′ + Ω2 · ∇/ ′2 log Ω. (52)
Therefore, by taking the trace of (50) with respect to the metric g/ ′ and using (51), (52) we
obtain
∂v′
(
Ωtr′χ′
)
=− div/ ′(Ω2 · ζ ′)+ Ω4/ ′Ω + (Ωζ ′,Ωζ ′)− (Ωχ′,Ωχ′)− tr′X′,Y ′R′(X ′, L′, Y ′, L′) (53)
since
Ω24/ ′ log Ω = Ω4/ ′Ω− (∇/ ′Ω2,∇/ ′Ω2).
Moreover, note that for the S foliation we have
∂v
(
trχ
)
= −div/ ζ + (ζ, ζ)− (χ, χ)− trX,YR(X,L, Y, L).
The equations (46) and (53) yield
w′ = div/ ′(Ω2 ·ζ ′)+(Ωζ ′,Ωζ ′)−(Ωχ′,Ωχ′)+ 1
2
(Ωtr′χ′)(Ωtr′χ′)− tr′X′,Y ′R′(X ′, L′, Y ′, L′)+Ω ·4/ ′Ω
(54)
and similarly we obtain
w = div/ ζ + (ζ, ζ)− (χ, χ) + 1
2
trχ · trχ− trX,YR(X,L, Y, L). (55)
We now express (Ωζ ′,Ωζ ′) and the remaining quantities in (54) in terms of the S foliation.
By virtue of (43) we obtain
(Ωζ ′,Ωζ ′) =(LΩ)2 · (γ, γ) + 2 · LΩ · (γ, d/Ω)− LΩ2 · (ζ, γ)− LΩ2 · χ(γ], γ])
+ (∇/Ω,∇/Ω)− 2Ω · (ζ, d/Ω)− 2Ω · χ(γ],∇/Ω) + Ω2 · (ζ, ζ)
+ 2Ω2 · χ(γ], ζ) + Ω2 · (χ× χ)(γ], γ]).
(56)
Furthermore,
(Ωχ′,Ωχ′) =
1
2
Ω2 · (γ, γ) · (χ, χ)− 2Ω2 · χ(γ], ζ]) + Ω2 · (χ, χ) + Ω2 · χ(∇/ Lγ], γ])
− Ω2 · (χ× χ)(γ], γ]) + Ω2 · (χ,∇/ γ).
(57)
This can be further decomposed in trace and trace-free parts. Regarding the curvature compo-
nents R′ and R, decomposed with respect to null frames associated to the foliations S and S ′,
respectively, we have
R′(X ′, L′, Y ′, L′) =R
(
X + γ(X)L,Ω2L, Y + γ(Y )L,
1
2
(γ, γ)L+ L+ γ]
)
=
1
2
(γ, γ) · Ω2 ·R(X,L, Y, L)− Ω2 · γ(Y ) ·R(X,L, γ], L)
− Ω2 · γ(Y ) ·R(X,L,L, L)+ Ω2 ·R(X,L, Y, L)+ Ω2 ·R(X,L, Y, γ]).
16
Therefore, since tr′X′,Y ′ = trX,Y we have
tr′X′,Y ′R
′(X ′, L′, Y ′, L′) =
1
2
(γ, γ) · Ω2 · trα− Ω2 · α(γ], γ])− Ω2 · β(γ])
+ Ω2 · trX,YR
(
X,L, Y, L
)
+ Ω2 · trX,YR
(
X,L, Y, γ]
)
.
(58)
Therefore, in view of (54), (49), (56), (57), (58), (47), (48) we obtain
w′ =−1
2
d/LΩ2 · γ]︸ ︷︷ ︸
1
−1
2
LΩ2 · div/ γ︸ ︷︷ ︸
2
−1
2
4/Ω2︸ ︷︷ ︸
3
+(d/Ω2, ζ)︸ ︷︷ ︸
4
+Ω2 · div/ ζ +χ(γ],∇/Ω2)︸ ︷︷ ︸
5
+ Ω2 · (div/ χ)(γ]) +Ω2 · (χ,∇/ γ)︸ ︷︷ ︸
6
+
1
2
· trχ ·
−(LΩ2) · (γ, γ)︸ ︷︷ ︸
7
−(γ],∇/Ω2)︸ ︷︷ ︸
8
+2Ω2 · (ζ, γ)︸ ︷︷ ︸
9
+2Ω2 · χ(γ], γ])

−1
2
(LLΩ2) · (γ, γ)︸ ︷︷ ︸
10
−1
2
(LΩ2) · g/ (L/Lγ], γ])︸ ︷︷ ︸
11
−1
2
(γ, d/LΩ2)︸ ︷︷ ︸
1
+χ(γ],∇/Ω2)︸ ︷︷ ︸
5
+(LΩ2) · (ζ, γ)︸ ︷︷ ︸
12
+ Ω2 · (L/Lζ], γ]) +(LΩ2) · χ(γ], γ])︸ ︷︷ ︸
13
−2Ω2 · (χ× χ)(γ], γ])︸ ︷︷ ︸
14
+Ω2 · (L/Lχ)(γ], γ]) + Ω2 · χ(L/Lγ], γ])︸ ︷︷ ︸
15
+(LΩ)2 · (γ, γ)︸ ︷︷ ︸
10
+2 · LΩ · (γ, d/Ω)︸ ︷︷ ︸
1
−LΩ2 · (ζ, γ)︸ ︷︷ ︸
12
−LΩ2 · χ(γ], γ])︸ ︷︷ ︸
13
+(∇/Ω,∇/Ω)︸ ︷︷ ︸
3
−2Ω · (ζ, d/Ω)︸ ︷︷ ︸
4
−2Ω · χ(γ],∇/Ω)︸ ︷︷ ︸
5
+Ω2 · (ζ, ζ)
+ 2Ω2 · χ(γ], ζ) +Ω2 · (χ× χ)(γ], γ])︸ ︷︷ ︸
14
− 1
2
Ω2 · (γ, γ) · (χ, χ) + 2Ω2 · χ(γ], ζ])− Ω2 · (χ, χ) −Ω2 · χ(∇/ Lγ], γ])︸ ︷︷ ︸
15
+Ω2 · (χ× χ)(γ], γ])︸ ︷︷ ︸
14
−Ω2 · (χ,∇/ γ)︸ ︷︷ ︸
6
+
1
2
· Ω2 · trχ ·
trχ+ div/ γ + g/ (L/Lγ], γ])+ 12 trχ · (γ, γ) −2(ζ, γ)︸ ︷︷ ︸
9

− 1
2
(γ, γ) · Ω2 · trα +Ω2 · α(γ], γ])︸ ︷︷ ︸
15
+Ω2 · β(γ])
− Ω2 · trX,YR
(
X,L, Y, L
)− Ω2 · trX,YR(X,L, Y, γ])
+Ω · 4/Ω︸ ︷︷ ︸
3
+2Ω · (γ, d/ (LΩ))︸ ︷︷ ︸
1
+
1
2
LΩ2 · div/ γ︸ ︷︷ ︸
2
+
1
2
trχ · (γ, d/Ω2)︸ ︷︷ ︸
8
+
1
2
trχ · (LΩ2) · (γ, γ)︸ ︷︷ ︸
7
−χ(γ],∇/Ω2)︸ ︷︷ ︸
5
+(LLΩ) · Ω · (γ, γ)︸ ︷︷ ︸
10
+
1
2
(LΩ2) · g/ (L/Lγ], γ])︸ ︷︷ ︸
11
.
The terms associated with the same number cancel out. For the curvature component α we
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used that
Ω2 · (L/Lχ)(γ], γ]) + Ω2 · χ(L/Lγ], γ]) = Ω2 · χ(∇/ Lγ], γ])− Ω2 · α(γ], γ]),
which follows from the second variational formula:
L/Lχ = −α+ χ× χ.
Note that by the null Codazzi equation corresponding the embedding of Sv in M we obtain
trX,YR
(
X,L, Y, γ]
)
= χ(γ], ζ]) + (div/ χ)(γ])− (trχ) · (ζ, γ])− (d/ trχ, γ])
and hence
w′ = Ω2 · div/ ζ +Ω2 · (div/ χ)(γ])︸ ︷︷ ︸
1
+Ω2 · trχ · χ(γ], γ]) +Ω2 · (L/Lζ], γ])︸ ︷︷ ︸
2
+ Ω2 · (ζ, ζ)
+2Ω2 · χ(γ], ζ)︸ ︷︷ ︸
2
−1
2
Ω2 · (γ, γ) · (χ, χ) +2Ω2 · χ(γ], ζ])︸ ︷︷ ︸
2
−Ω2 · (χ, χ)
+
1
2
· Ω2 · trχ ·
[
trχ + div/ γ + g/
(L/Lγ], γ])+ 12 trχ · (γ, γ)
]
− 1
2
(γ, γ) · Ω2 · trα +Ω2 · β(γ])︸ ︷︷ ︸
2
−Ω2 · trX,YR
(
X,L, Y, L
) − Ω2 ·
χ(γ], ζ])︸ ︷︷ ︸
2
+(div/ χ)(γ])︸ ︷︷ ︸
1
−(trχ) · (ζ, γ])− (d/ trχ, γ])
 .
(59)
The boxed terms add up to Ω2 · w. For the curvature component β we have used that
Ω2 · g/ (L/Lζ], γ]) = −3Ω2 · χ(γ], ζ])− Ω2 · β(γ]),
which follows from
(∇/ 4ζ)(X) = (∇4η)(X) = ∇4(η(X))− η(∇4X) = ∇4
(
g(∇3e4, X)
)− g(∇3e4,∇4X)
= g(∇4∇3e4, X) + g(∇3e4,∇4X)− g(∇3e4,∇4X)
= g
(
R(e4, e3)e4 +∇3∇4e4 +∇[e4,e3]e4, X
)
= R(X, e4, e4, e3) + ωg(∇3e4, X) + g
(
∇(η]−η]−ωe3+ωe4)e4, X
)
= −β(X) + ωη(X) + g
(
∇(η]−η])e4, X
)
− ωη(X)
=
(
−β + χ ·
(
η] − η]
))
(X) =
(
− β − 2χ · ζ]
)
(X),
(60)
where we have used that η = −η = ζ for Ω = 1. Equivalently, we obtain
L/Lζ = −β − χ · ζ]. (61)
Therefore, (44),(45) and (59) imply
OS′ψ =Ω2 · OSψ + Eψ +Rψ, (62)
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where Rψ = R · ψ and
R =Ω2 · trχ · χ(γ], γ])− 1
2
Ω2 · (γ, γ) · (χ, χ) + 1
2
· Ω2 · trχ ·
[
div/ γ + g/
(L/Lγ], γ])+ 12 trχ · (γ, γ)
]
− 1
2
(γ, γ) · Ω2 · trα − Ω2 ·
[
−(trχ) · (ζ, γ])− (d/ trχ, γ])
]
.
A straightforward computation gives
Eψ+Rψ = Ω2 ·Bψ ·
[
2χ(γ], γ]) + 2(ζ, γ) + g/ (L/Lγ], γ]) + div/ γ
]
+Ω2 ·(γ, γ)·B(Bψ)+(2γ, d/ (Bψ)),
(63)
where
Bψ = Lψ + 1
2
trχ · ψ.
If we now set ψ = 1φ ·Ψ with LΨ = 0, then
Lψ = −Lφ · 1
φ2
·Ψ = −1
2
trχ · ψ
and so
B
(
1
φ
·Ψ
)
= 0. (64)
Clearly, (62), (63) and (64) imply (31), which, using (29), implies the desired (30), which
completes the proof for the case where f = 1. Let us now return to the general case.
Let, therefore, S1,S2 be the foliations given by (23), (24). Consider the following auxiliary
foliation
Saux =
〈
S1,
(
Lgeod
)
2
,Ωaux
〉
,
where
Ωaux =
1
f
· Ω1,
and f is given by (22). Let Aaux,Oaux be the operators associated to Saux. We will show that
Oaux(ψ) = OS1 ( 1
f2
· ψ
)
(65)
for ψ ∈ C∞(H). Observe that although the geodesic vector fields and the null lapse functions
do not agree for the foliations Saux and S1, the sections of these foliations are the same. Indeed,
we have
Laux = Ω
2
aux ·
(
Lgeod
)
2
= (Ω1)
2 · (Lgeod)1 = LS1 .
Therefore, equation (65) can be obtained by a straightforward calculation given that
(e4)aux = f ·(e4)S1 , (e3)aux = f ·(e3)S1 , trχaux = f ·trχS1 , trχaux = f ·trχS1 , ζaux = ζ−d/ log f.
Let now Ψ ∈ VH. Using (29) and (65) we obtain
AS1 (Ψ) =
(
Ωaux
Ω1
)2
· Aaux(f2 ·Ψ) (30)=
(
Ωaux
Ω1
)2
· AS2(f2 ·Ψ)
=
1
f2
· AS2(f2 ·Ψ),
where we used that f2 ·Ψ is constant along the null generators of H.
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We next present some corollaries in terms of the operator OS (see (28)):
Corollary 3.1. Let S,S ′ be two foliations of H as defined in (26), (27). Then for all functions
Ψ ∈ VH we have
OS′
(
1
φ
·Ψ
)
= Ω2 · OS
(
1
φ
·Ψ
)
on H.
Corollary 3.2. Let H be a null hypersurface with vanishing expansion, i.e. trχ = 0. Let also
S and S ′ be two foliations of H. Then for all Ψ ∈ VH we have
OS′(Ψ) = Ω2 · OS(Ψ)
on H.
Corollary 3.3. Let S and S′ be two foliations of H with a common section Sv0. Then
OS′v0
(
Ψ
)
= Ω2 · OSv0
(
Ψ
)
for all functions Ψ ∈ C∞(Sv0).
All the previous results hold pointwise. The following corollary yields a result about the
Kernel of the elliptic operator of OS′v′ in terms of the Kernels of OSv :
Corollary 3.4. Let S1,S2 be the foliations given by (23),(24), respectively, and the function f
given by (22). If Ψ ∈ VH then we have
Ψ ∈ Ker(AS1v ) for all v ∈ R ⇒ f2 ·Ψ ∈ Ker(AS2v′ ) for all v′ ∈ R
and
1
φ
·Ψ ∈ Ker(OS1v ) for all v ∈ R ⇒ f2 · 1φ ·Ψ ∈ Ker(OS2v′ ) for all v′ ∈ R.
Proof. Let Ψ ∈ VH such that
AS1v Ψ = OS1v
(
1
φ
·Ψ
)
= 0
for all v ∈ R. Then,
AS2v′
(
f2 ·Ψ) = OS2v′ ( 1φ · f2 ·Ψ
)
= 0 (66)
for all v′ ∈ R. The corollary can be shown by sweeping any section S′v′ with leaves of the S
foliation as depicted below:
and applying Theorem 3.1 for all points of the section S′v′ .
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4 Killing horizons and black holes
In this section we investigate the operators AS ,OS in the context of black hole spacetimes.
Specifically, we consider the case where H is the event horizon of a black hole. We assume that
H is a Killing horizon, that is there is a Killing vector field ξ normal to H. Note that in this
case ξ satisfies
∇ξξ = κ · ξ, on H, (67)
where κ is constant along the null generators of H. In consistency with the zeroth law of black
hole mechanics, we will assume that κ is globally constant on H. Then, the constant κ is called
the surface gravity of H. If κ = 0, then the null hypersurface H is called an extremal horizon.
We first show the following
Lemma 4.1. Let H be a Killing horizon and S = 〈S0, Lgeod,Ω = 1〉 be a geodesic foliation, as
defined in Section 2. Assume that ξ is a Killing vector field normal to H and such that (67) is
satisfied. Then, the following relations hold on H:
1. χ = 0,
2. L/Lg/ = 0,
3. d/ κ = g(ξ, L) · β, where the curvature component β is given by (12),
4. L/Lζ = ∇/ Lζ = −β,
5. If, in addition, we take Lgeod|S0 = ξ and κ is constant on H, then
L/Lχ = ∇/ Lχ =
κ
f
· χ, where f is such that ξ = f · L on H.
Proof. 1. Since Ω = 1 we have L = Lgeod, where the vector field L is defined by (5). We define
the following (0, 2) tensor field on H:
χξ(X,Y ) = g(∇Xξ, Y ),
where X,Y ∈ TpH, p ∈ H. Note that since X,Y are tangential to H, the values of χξ depend
only on the restriction of ξ on H. Therefore, since ξ is Killing, the tensor χξ is antisymmetric.
Moreover, ξ and L are both normal to H and hence ξ = f · L where f = −g(ξ, L) on H. Then
χξ(X,Y ) = g
(∇X(fL), Y ) = f · χ(X,Y ). (68)
Therefore, in view of the symmetry of χ, the tensor field χξ is also a symmetric (0,2) tensor field
on H. Hence, χ = 0.
2. It is an immediate corollary of the first variational formula.
3. Recall that κ is constant along the null generators of H. Hence, Lκ = 0.
Since ξ is Killing it satisfies
∇2X,Y ξ := ∇X∇Y ξ −∇∇XY ξ = R(X, ξ)Y. (69)
If X,Y are tangential to C, then we obtain
g(∇XY,L) = −g(Y,∇XL) = 0
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since χ = 0. Hence ∇XY is also tangential to H and thus all the terms in (69) depend only
on the restriction of ξ on H. Let us now assume that X is tangential to the sections Sτ of the
affine foliation of H and Y = ξ. Then (69) becomes
∇X∇ξξ −∇∇Xξξ = R(X, ξ)ξ.
Note that g(∇Xξ, ξ) = 12X
(
g(ξ, ξ)
)
= 0 and that, if Z is any S vector field then g(∇Xξ, Z) =
χξ(X,Z) = 0. Therefore,
∇Xξ = µ(X) · ξ
for some 1-form µ on H, which depends on the function f and the torsion ζ. Then, (69) becomes
R(X, ξ)ξ = ∇X(κ · ξ)− µ(X)∇ξξ =
(∇Xκ) · ξ + κ∇Xξ − µ(X)∇ξξ = (∇Xκ) · ξ.
Taking the inner product with L we obtain
f2 · g(R(X,L)L,L) = −f∇Xκ
and hence,
∇Xκ = −f ·R(L,L,X,L) = g(ξ, L) ·R(X,L,L, L) = g(ξ, L) · β(X).
4. Immediate from equation (61) and χ = 0.
5. Under the additional assumptions we have that f |S0 = 1 and Lf = κ. Therefore, since by
assumption d/ κ = 0, we have d/ f = 0. Let X,Y be S tangential normal Jacobi vector fields,
i.e. [L,X] = [L, Y ] = 0. Then
[ξ,X] = −(Xf) · L = 0, [ξ, Y ] = −(Y f) · L = 0. (70)
Observe now that
∇XY =∇/XY + χ(X,Y ) · L+ χ(X,Y ) · L
∇/XY + χ(X,Y ) · L ∈ TH
and that LL
(∇/XY ) = 0 since L/Lg/ = 2χ = 0. Therefore,
LL
(∇XY ) = L(χ(X,Y )) · L. (71)
Since ∇XY ∈ TH, then LHS of (71) depends only on the restriction of L on H. Therefore, since
L = 1f · ξ on H, we obtain
LL
(∇XY ) = 1
f
· Lξ
(∇XY )+ (∇XY )(f)
f2
· ξ
=
1
f
· ∇[ξ,X]Y +
1
f
· ∇X [ξ, Y ] +
(∇/XY )(f) · 1f2 · ξ + χ(X,Y )(Lf)f2 · ξ
=χ(X,Y ) · κ
f
· L,
where we used in the second line that ξ is a Killing vector field and in the third line that(∇/XY )(f) = 0 and (70).
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If we trace the last identity of the above lemma we obtain
Ltrχ =
κ
f
· trχ.
Since Lf = κ we obtain
trχ = trχ
∣∣
S0
· f (72)
and so
Ltrχ = trχ
∣∣
S0
· κ. (73)
Recalling that trχ = 0 and the definition 28, we obtain
OSΨ = 4/Ψ + 2ζ] · ∇/Ψ +
[
2div/ ζ] + trχ
∣∣
S0
· κ
]
·Ψ, (74)
with respect to the foliation S =
〈
S0, Lgeod|S0 = ξ|S0 , Ω = 1
〉
.
In view of the zeroth law of black hole mechanics we may assume that κ is constant on H and
hence, by Lemma 4.1, we obtain that β = 0 on H and hence ζ is conserved on H, i.e. L/Lζ = 0.
From (73), Ltrχ does not depend on v. By virtue of (18), the conformal factor φ also does
not depend on v. Therefore, the operators ASv ,OSv do not depend on v (modulo identifying the
sections Sv with S0 via the diffeomorphisms Φv).
If we now consider a general foliation S˜ =
〈
S0, Lgeod|S0 = ξ|S0 ,Ω
〉
, then
1
Ω2
· OS˜Ψ = OSΨ
and hence the operators AS˜v , 1Ω2 ·OS˜v Ψ do not depend on v (again modulo identifying the sections
Sv with S0 via the diffeomorphisms Φv).
Remark 4.1. Given a foliation S =
〈
S0, Lgeod|S0 = ξ|S0 , Ω = 1
〉
we can rewrite the operator
OSv given by (74) as follows
OSv Ψ = 4/Ψ + 2ζ] · ∇/Ψ + 2div/ ζ] ·Ψ︸ ︷︷ ︸
KSvΨ
+ trχ
∣∣
S0
· κ ·Ψ︸ ︷︷ ︸
T Sv Ψ
, (75)
Note that the section S0 can be freely chosen for the foliation S. In view of L/Lg/ = χ = 0,
LΨ = 0 and (37), (39) and (42) the operator KSv does not depend on the choice of the section
S0 (again, modulo identifying all sections of H via the flow of the null generators). However,
in view of (38), the operator T Sv depends on S0. Specifically, if we consider another foliation
S ′ =
〈
S′0, Lgeod|S′0 = ξ|S′0 , Ω = 1
〉
then in view of the main Theorem 3.1, and recalling that
Lφ = 0, we have that
OSv (Ψ) =
1
f2
· OS′v
(
f2 ·Ψ), (76)
where f is such that L′geod = f
2 · Lgeod, where L′geod, Lgeod denote the geodesic vector fields of
S ′,S, respectively.
Recall that for extremal black holes we have κ = 0 and hence
OSv Ψ = 4/Ψ + div/
(
2Ψ · ζ). (77)
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Following the argument of [14] one obtains that dimKer(OSv ) = 1 for all v. Indeed, since∫
Sv
OSv ψ = 0 for all ψ, the (unique) positive principal eigenfunction Ψ of OSv must lie in the
Kernel of OSv . Since OSv does not depend on v we deduce that there is a unique (up to constant
factors) smooth function Ψ ∈ VH such that OS(Ψ) = 0.
Summarizing we have shown the following
Proposition 4.1. Let H be a Killing horizon with constant surface gravity κ. Let also S =〈
S0, Lgeod|S0 = ξ|S0 ,Ω
〉
be a foliation of H, as defined in Section 2. Then the operators ASv , 1Ω2 ·
OSv , given by (20) and (28), respectively, do not depend on v modulo identifying Sv with S0 via
the diffeomorphism Φv, i.e.(
Φv
)∗ASv = AS0 , (Φv)∗( 1Ω2 · OSv
)
=
1
Ω2
· OS0 .
Moreover, if H is an extremal horizon (i.e. κ = 0) then dimKer(ASv ) = dimKer(OSv ) = 1, for
all v ∈ R.
The above proposition can be used in order to retrieve and in fact generalize the conservation
law on the event horizon of extremal black holes for all solutions to the linear wave equation
discovered in [4, 14, 15]. This conservation law coupled with dispersive estimates away from
the event horizon forces higher order derivatives of generic solutions to the wave equation to
blow up asymptotically along the event horizon (see [2, 3]). We remark that the previous result
is in stark contrast with the subextremal case for which Dafermos and Rodnianski [8, 9] have
derived quantitative decay estimates for all higher order derivatives in the exterior region up to
and including the event horizon.
We also remark that Theorem 3.1 and Corollary 3.4 imply that the aforementioned con-
servation law holds with respect to all foliations of the event horizon. Futher applications are
presented in a companion paper [5], where it is shown the above properties play a fundamental
role in the analysis of the characteristic initial value problem of the wave equation on Lorentzian
manifolds.
5 Epilogue: elliptic operators on null hypersurfaces
In the previous sections we have introduced an elliptic operator on a null hypersurface H which
is covariant under refoliation of H. This operator plays an important role in the evolution of
the wave equation along H. Since null hypersurfaces are characteristic surfaces of more general
(geometric and tensorial) hyperbolic equations, using the methods of the present paper as well
as of [5], one expects to be able to derive similar elliptic operators associated to those equations
as well. The study of the present paper suggests that the following general definitions and
discussion might be relevant.
We start with the following definition
Definition 5.1. (Geometric elliptic operators on H): Let S = (Sv)v∈R be a foliation of
H. A second order linear operator AS : C∞(H)→ R is called a geometric elliptic operator if it
is tangential to the sections Sv of S such that the restriction
ASv := AS
∣∣
Sv
: C∞(Sv)→ R
is an elliptic operator on the Riemannian manifold Sv which depends only on the geometry of
the foliation S, i.e the first and the second fundamental forms of the sections of S with respect
to the ambient manifold M.
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An example of a geometric elliptic operator on H is the operator 4/ S which at each point
p ∈ H is given by the induced Laplacian of the (unique) section Sv of the foliation S that passes
through the point p. In other words, 4/ S is defined such that 4/ S
∣∣∣
Sv
= 4/ Sv , for all v ∈ R, where
4/ Sv denotes the induced Laplacian on Sv.
Change of foliation and associated operators: Let S = 〈S0, Lgeod,Ω〉 be a foliation
of H and AS be a geometric elliptic operator. Let S ′ = 〈S′0, L′geod,Ω′〉 be another foliation of
H. Note that L′geod = f2 · Lgeod for some function f ∈ C∞(H) which is constant along the
null generators of H. One can consider the associated geometric elliptic operator AS′ defined in
an identical way to AS by simply replacing the geometric quantities associated to the foliation
S with those of the foliation S ′. For example, if AS = 4/ S + ζ] · ∇/ S + (trχ · trχ) · I, where
∇/ S is the induced gradient on the sections Sv of S, I is the identity operator, ζ] is the torsion
and trχ, trχ are the null mean curvatures of Sv, then one can define the associated operator
AS′ = 4/ S′+(ζ])′ ·∇/ S′+(trχ′ ·trχ′)·I such that 4/ S′∣∣∣
S′v
= 4/ S′v , ∇/
S′
∣∣∣
S′v
= ∇/ S′v and (ζ])′, trχ′, trχ′
are the torsion and the null mean curvatures of S′v′ , respectively.
One would ideally want to capture elliptic structures on null hypersurfaces by considering
geometric elliptic operators AS which, however, do not depend, in an appropriate sense, on
the choice of the foliation S. However, we have AS 6= AS′ . Indeed, at each point p ∈ H the
operator AS is tangential to Sv, where p ∈ Sv, whereas the operator AS′ is tangential to S′v′ ,
where p ∈ S′v′ .
Therefore, the only way to “compare” the operators AS and AS′ is via the flow of the
null generators. Given two section Sv, Sv′ passing through the point p, one can define the
diffeomorphism Φv
′
v : Sv → S′v′ such that if q ∈ Sv then Φv
′
v (q) is the intersection of S
′
v′ and the
null generator passing through q.
The diffeomorphisms Φv
′
v allow us to define the foliation-invariant operators as follows
Definition 5.2. (Foliation-invariant geometric elliptic operators): Let S = 〈S0, Lgeod,Ω〉
be a foliation of H. A geometric elliptic operator AS is called foliation-invariant at a point p ∈ H
if for any foliation S ′ =
〈
S′0, L′geod = f
2 · Lgeod,Ω′
〉
of H we have(
Φv
′
v
)∗AS′v′ = ASv at p,
where the pullback operator
(
Φv
′
v
)∗AS′v′ is the operator on Sv defined such that ((Φv′v )∗AS′v′ )(ψ) =
AS′v′
((
Φv
′
v
)
∗ψ
)
, for all ψ ∈ C∞(Sv). Furthermore, an operator AS is called foliation-invariant
if it is foliation-invariant at all points of H.
In other words, a foliation-invariant geometric elliptic operator A satisfies the property that
for any two foliations S = 〈S0, Lgeod,Ω〉 and S ′ = 〈S′0, Lgeod,Ω′〉 the operators ASv ,AS
′
v′ are
exactly the same at p ∈ Sv ∩ S′v′ , modulo identifying the sections Sv, S′v′ via Φv
′
v .
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We remark that the Laplacian 4/ S is foliation-invariant on a null hypersurface H if and only
if the induced metrics of the sections of H are conformal, i.e. the shear of H vanishes (see (42)).
Clearly, the conformal equivalence of the sections of H is a very restrictive condition on H. It
turns out that the foliation-invariance is a very strong condition to be satisfied for general null
hypersurfaces. For this reason we make the following definition
Definition 5.3. (Foliation-covariant geometric elliptic operators): Let S = 〈S0, Lgeod,Ω〉
be a foliation of H. A geometric elliptic operator AS is called foliation-covariant at a point p ∈ H
if for any foliation S ′ =
〈
S′0, L′geod = f
2 · Lgeod,Ω′
〉
of H we have((
Φv
′
v
)∗AS′v′ ) = f2 · (ASv ◦Mf−2) at p,
where the pullback operator
(
Φv
′
v
)∗AS′v′ is the operator on Sv defined such that ((Φv′v )∗AS′v′ )(ψ) =
AS′v′
((
Φv
′
v
)
∗ψ
)
, for all ψ ∈ C∞(Sv), and the operator Mf2 is defined such that Mf2(ψ) = f2 · ψ
for all ψ ∈ C∞(Sv). Furthermore, an operator AS is called foliation-covariant if it is foliation-
covariant at all points of H.
It would be very interesting to see if foliation-covariant elliptic operators on H associated
(in the sense of [5]; see also [10]) to the Maxwell equations and other linear and non-linear
hyperbolic equations exist.
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